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ABSTRACT Sugarcane is a key economic crop in subtropical and tropical regions, serving as a major raw
material for the food and biofuel industries. However, its cultivation is severely affected by the sugarcane
borer, a destructive pest. To mitigate this issue, biological control strategies—using natural enemies to
regulate pest populations—offer an environmentally friendly alternative to chemical pesticides. This study
proposes a tensor product–based fractional-order sliding mode control (TP-FOSMC) approach to formulate
an effective biological control policy for a nonlinear pest–parasitoid agroecosystem. The controller design
utilizes tensor product model transformation (TPMT) to facilitate the synthesis of the fractional-order
sliding mode controller, which enhances system robustness and significantly reduces chattering in the
control inputs. System stability is verified using the Lyapunov stability theorem. Numerical simulations
under bounded disturbances demonstrate that the proposed TP-FOSMC effectively regulates both pest and
parasitoid populations to their desired levels. Compared with the state-dependent Riccati equation (SDRE)
and tensor product–based conventional sliding mode control (TP-SMC) strategies, the proposed method
achieves faster convergence and substantial chattering reduction, confirming its robustness and practical
feasibility for sustainable pest management.

INDEX TERMS Chattering reduction, fractional-order sliding mode control (FOSMC), Lyapunov stability,
nonlinear control systems, pest–parasitoid agroecosystem, robust biological control, tensor product model
transformation (TPMT), sugarcane borer.

I. INTRODUCTION
Sugarcane plays a crucial role as a raw material in both the
food and fuel industries, contributing to products such as sug-
arcane brandy, brown sugar, and ethanol [1]. As a plant native
to tropical and subtropical regions such as South America
and South Asia, it serves as an important economic crop in
major producing countries, including Brazil, Mexico, India,
China, Thailand, and Pakistan [1], [2]. However, sugarcane
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cultivation faces significant threats from key insect pests,
particularly sugarcane borers such as Diatraea saccharalis
and D. flavipennella in Brazil [1], [2], [3], [4]. These borers
inflict both primary and secondary damage during their larval
stages. The primary damage results from larvae boring into
the sugarcane’s central stem, while the secondary damage
arises when the resulting galleries allow fungi to infiltrate
the plant. Together, these damages lead to severe yield losses
and reduced efficiency in sugarcane-based industrial produc-
tion [1], [2], [3]. Chemical pesticides are commonly used to
control borer populations, but their use poses serious risks
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to non-target organisms, human health, and the environment
[5], [6]. In contrast, biological control offers a sustainable and
environmentally friendly alternative. This approach utilizes
natural enemies such as predators, pathogens, and parasitoids
to suppress pest populations to acceptable levels [7], [8], [9],
[10]. Among these, in Brazil the parasitoids, Trichogramma
galloi and Cotesia flavipes, have been effectively employed
to target the egg and larval stages of sugarcane borers, which
are D. saccharalis and D. flavipennella, respectively.

In general, biological pest control can be carried out
through three main approaches: the introduction of new
natural enemies, conservation of existing natural enemies,
and augmentation of natural enemies [9]. The appropriate
approach can be selected based on various factors, such as the
presence and effectiveness of local natural enemies, the sever-
ity of the pest infestation, and the planting and harvesting
seasons [9]. In practice, the rearing and release of natural ene-
mies for pest population control can be implemented using
various devices, such aswire-mesh yield-release devices [11],
boom sprays [12], [13], air-stream release systems [14], and
UAVs for deploying Trichogramma balls [13].

The estimation or measurement of insect populations
can generally be classified into three categories: absolute
methods [15], [16], [17], relative methods [15], [16], and
population index methods [15]. In absolute methods, the pop-
ulation is quantified as the number of insects per unit area or
unit volume. This can be achieved through approaches such as
direct visual counting, scoring the intensity of infestation, and
knockdown techniques. In relative methods, the population
is estimated based on the number of insects captured per
unit effort or over a specified time period. Common tech-
niques include sweep net sampling, quadrat sampling, line
transect methods, and the use of traps such as sticky traps
and light traps [15], [16], [17]. In population index methods,
the population is inferred indirectly from indicators such as
the number of webs, frass, or the level of damage to crops or
trees per unit area [15], [16], [17].
Numerous mathematical models have been developed to

characterize the dynamic interactions between sugarcane bor-
ers and their parasitoids within agroecosystems.Most of these
models are formulated as systems of nonlinear differential
equations [2], [18], [19], [20], [21], [22], [23], providing
a foundation for dynamic analysis and the development of
effective population control strategies [24]. Among various
control methodologies, feedback control has emerged as an
effective and computationally efficient approach. Compared
with dynamic optimization techniques based on Pontryagin’s
maximum principle or impulsive control strategies, feed-
back control offers a more tractable framework for policy
formulation while maintaining robustness and stability. Fur-
thermore, this approach effectively mitigates the influence
of system uncertainties and external disturbances [24], [25],
[26], [27], [28], [29]. As a result, several feedback con-
trol techniques have been successfully implemented in the
regulation and management of ecological and biological sys-

tems [18], [20], [21], [24], [25], [26], [27], [28], [29]. In the
context of pest–parasitoid dynamics, the feedback controller
is designed to synthesize a control law that maintains the
pest population at or below economically damaging levels,
such as the economic injury level (EIL) and the economic
damage threshold (EDT), or ensures coexistence between
species [20], [30].

As models of pest–parasitoid agroecosystems are typically
formulated as sets of nonlinear differential equations [2],
[18], [19], [20], [21], [22], [23], [24], [25], [26], [27], [28],
[29], the design of a feedback controller for such nonlinear
systems presents considerable complexity [31], [32]. To mit-
igate these challenges, controller design can be conducted
within a linear framework, thereby avoiding the analytical
and computational difficulties associated with nonlinear con-
trol design.

The tensor productmodel transformation (TPMT) provides
an effective approach for approximating nonlinear systems
through a convex combination of linear time-invariant (LTI)
subsystems, expressed in the form of a linear parameter-
varying (LPV) system. This approximation model is referred
to as the tensor product (TP)model [33], [34], [35], [36], [37],
[38], [39], [40], [41], [42], [43], [44]. The transformation
employs high-order singular value decomposition (HOSVD)
to derive a compact representation suitable for linear matrix
inequality (LMI)-based controller design—a concept origi-
nally introduced by Baranyi [33], [34], [35], [36], [37], [38],
[39]. Furthermore, the efficiency of the LMI-based controller
design within the TP framework can be enhanced through
a parallel distributed compensation (PDC) framework [33],
[34], [35], [36], [37], [38], [39].

As described in [33], [34], [35], [36], [37], [38], and [39],
TPMT can be implemented either analytically or via soft
computing methods. The trade-off between model complex-
ity and approximation accuracy is a key consideration in
determining the number of components in the TP model. The
influence of system constraints is also incorporated during the
derivation of weighting functions, and a set of models sharing
common weighting functions can be obtained through TP
transformation. When these weighting functions are prede-
fined, the resulting structure is referred to as a pseudo-TP
model.

The TPMT approach has been successfully applied to the
modeling and control of various biological systems [45],
[46], [47]. In particular, prior studies [45], [48] have demon-
strated the use of TP-based control in formulating biological
control policies for pest–parasitoid agroecosystems. Because
TPMT allows controller design for nonlinear systems to be
performed within a linear framework, the sliding mode con-
troller (SMC) can be designed efficiently based on the TP
model [31], [32]. Several TP-based SMC variations have
been developed and applied to mechanical, aerospace, and
electromechanical systems [32], [41], [42], [44], [49].

The SMC method is widely recognized for its robustness
against parameter uncertainties and external disturbances.
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However, the discontinuous control action inherent in SMC
can induce an undesirable phenomenon known as chattering,
which limits its practical implementation and need to be
avoided [50], [51], [52], [53]. To address this issue, fractional-
order sliding mode control (FOSMC) has been proposed as
a means of reducing chattering while enhancing system per-
formance [54], [55], [56]. Furthermore, FOSMC introduces
additional tuning parameters, which provide greater flexibil-
ity for the controller design. This allows the designer to better
adjust the control performance to meet specific objectives,
such as improving transient response and reducing chattering
effects [54], [56], [57], [58], [59]. Apart from the control
aspect, the knowledge of fractional order calculus has been
used for dynamical analysis for biological systems [60], [61],
[62], [63], [64]. Due to these favorable properties, FOSMC
has been successfully applied to a variety of dynamical sys-
tems, as reported in previousworks [54], [57], [58], [59], [65],
[66], [67] and references therein.
In this study, we take the advantageous properties of

FOSMC together with the modeling flexibility provided
by TPMT to develop a biological control policy for the
sugarcane borer, formulated through an FOSMC controller
based on the TP-model representation of the pest–parasitoid
agroecosystem.

The specific contributions of this study are summarized as
follows:

1) APPLICATION OF TP-BASED FOSMC TO BIOLOGICAL
PEST CONTROL
To the best of our knowledge, the TP-based fractional-order
sliding mode control (TP-FOSMC) approach has not yet been
applied to the biological control of sugarcane borer popula-
tions in both egg and larval stages, as proposed by Molter
et al. [20]. By employing the tensor product model transfor-
mation (TPMT), the proposed method enables the controller
design to be conducted within a linear framework, thereby
avoiding the complexities inherent in nonlinear controller
design as discussed in [31] and [32].

2) ROBUSTNESS IMPROVEMENT OVER EXISTING CONTROL
METHODS
Existing approaches, such as the state-dependent Riccati
equation (SDRE) and TP-based controllers, cannot guaran-
tee robustness in the control of agroecosystems. In contrast,
the TP-based integer-order sliding mode control (TP-SMC)
framework ensures robustness against system uncertainties
and external disturbances. However, the TP-SMC approach
may still suffer from the chattering phenomenon in the control
input signals.

3) INTEGRATION OF ROBUSTNESS AND CHATTERING
REDUCTION
The proposed TP-based fractional-order sliding mode con-
trol (TP-FOSMC) integrates robustness and chattering
reduction, achieving both reliable performance and practical

applicability in the control of the pest–parasitoid agroe-
cosystem. TP-SMC framework ensures robustness against
system uncertainties and external disturbances. However, the
TP-SMC approach may still suffer from the chattering phe-
nomenon in the control input signals.

The rest of this paper is organized as follows. Section II
summarizes the required preliminaries on fractional-order
calculus and presents the pest–parasitoid agroecosystem in
various forms, including the affine, LPV, and TP model for-
mulations. Section III describes in detail the formulation of
the proposed biological control policy based on the TP-based
fractional-order sliding mode controller design procedure.
Section IV presents the simulation results of the controlled
agroecosystem under the proposed control strategy. Finally,
Section V provides the conclusions of this study.

II. PRELIMINARIES
A. MATHEMATICAL BACKGROUND
In this study, the control policy is formulated based on
the principles of fractional-order calculus. Accordingly, the
definitions of the most commonly used fractional-order
derivatives—namely, the Riemann–Liouville, Caputo, and
Grünwald–Letnikov definitions are presented as follows:
[68], [69], [70], [71].

Riemann – Louisville definition:

aDλ
t f (t) =

1
0(n− λ)

dn

dtn

t∫
a

f (τ )
(t − τ )λ−n+1 dτ (1)

Caputo definition:

aDλ
t f (t) =

1
0(n− λ)

t∫
a

f (n)(τ )
(t − τ )λ−n+1 dτ (2)

Grunwald-Letnikov definition:

aDλ
t f (t) = lim

h→0
h−λ

[(t−a)/h]∑
i=0

(−1)−i
(

λ

i

)
f (t − ih). (3)

The definitions can be presented in the form of a differentiator
aDλ

t with fractional order n − 1 < λ < n for n being an

integer, and the gamma function, 0(n) =

∞∫
0
e−ννn−1dν, [68],

[69], [70], [71], [72]. The upper limit of the summation is an
integer representing the integer part of [(t − a)/h]. Among
the available formulations, the Caputo definition is adopted
in this study for implementing the fractional-order derivative
and integral operators, as it is well-suited for dynamic sys-
tems with specified initial conditions [70]. Consequently, the
fractional integral operator of order λ, aD

−λ
t ≡ aI

−λ
t , corre-

sponding to Caputo’s fractional order derivative operator with
a = 0 and n = 1 is defined as [70]:

Iλt f (t) =
1

0(λ)

t∫
0

f (τ )
(t − τ )1−λ

dτ
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=
1

0(λ)

t∫
0

f (τ )(t − τ )(λ−1)dτ (4)

with f (t) ∈ R, 0 < λ < 1.
Assumption 1 [70], the bound of the fractional integral

term of order λ, where 0 < λ < 1,

Iλ
(
|f (t)|

1
λ sign(f (t))

)
=

1
0(λ)

t∫
0

| f (τ ) |
1
λ sign(f (τ ))

(t − τ )1−λ
dτ ,

(5)

can be determined as∣∣∣Iλ (|f (t)| 1λ sign(f (t)))∣∣∣ ≤
M

1
λ tλ

λ0(λ)
, (6)

where |f (t)| ≤ M for M > 0. Further details regarding this
assumption can be found in [70].

B. PEST-PARASITOID AGROECOSYSTEM
The dynamics of the sugarcane pest D. saccharalis under
biological control by parasitoids can be described by a set
of nonlinear differential equations, as expressed in (7). This
model was originally proposed by Molter et al. [20]. In this
formulation, the parasitoids T. galloi and C. flavipes are
employed to control the egg and larval stages of the sugarcane
pest, respectively

ẋ1 = rx1
(
1 −

x1
K

)
− m1x1 − n1x1 − αx1x3

ẋ2 = αx1x3 − m2x2 − n2x2
ẋ3 = γ1n2x2 − m3x3 + U1

ẋ4 = n1x1 − m4x4 − n3x4 − βx4x6
ẋ5 = βx4x6 − m5x5 − n4x5
ẋ6 = γ2n4x5 − m6x6 + U2 (7)

where x1 and x2 denote the populations of unparasitized and
parasitized sugarcane eggs, respectively. The state variables,
x4 and x5, represent the unparasitized and parasitized larval
stages of the pest, respectively. The populations of the egg
and larval parasitoids are represented by the state variables
x3 and x6, respectively. The control variables, U1 and U2,
represent the introduction rates of the egg parasitoid and
larval parasitoid, respectively. The system parameters of the
agroecosystem are defined as follows: (i) r denotes the intrin-
sic reproduction rate of the female sugarcane borer. (ii) K
represents the carrying capacity of the sugarcane borer. (iii)
The mortality rates of each stage of the borers and para-
sitoids, including the unparasitized eggs, parasitized eggs,
egg parasitoids, unparasitized larvae, parasitized larvae, and
larval parasitoids are denoted bym1, m2, m3, m4, m5, andm6,
respectively. (iv) The fractions of individuals emerging per
unit time in each population, namely, the larval sugarcane
borers emerging from eggs, the parasitized eggs associated
with larval parasitoids, the unparasitized larvae emerging
from pupae, and the parasitized larvae associated with larval
parasitoids, are represented by n1, n2, n3, and n4, respectively.

(v) The intrinsic parasitism rates associated with the egg
parasitoid and larval parasitoid are denoted by α and β,
respectively. (vi) The numbers of adult parasitoids emerging
from parasitized eggs and parasitized larvae are denoted by
γ1 and γ2, respectively.
According to [20] and [73], the equilibrium points of the

dynamic system (7) with U1 = 0 and U2 = 0, denoted by Ei,
for i = 1, 2, .., 5, can be identified as five distinct equilibria,
as follows:

(i) E1 = [ 0 0 0 0 0 0 ]T ,
(ii) E2 = [ Kr (r − m1 − n1) 0 0 Kn1(r−m1−n1)

r(m4+n3)
0 0 ]T ,

(iii) E3 = [ Kr (r − m1 − n1) 0 0 p∗

4 p
∗

5 p
∗

6 ]
T , where

p∗

4 =
m6(m5+n4)

βγ2n4
,

p∗

5 =
n1

m5+n4
[Kr (r − m1 − n1)] −

m6(m4+n3)
βγ2n4

, and
p∗

6 =
γ2n4
m6

p∗

5.
(iv) E4 = [ x∗

1 x
∗

2 x
∗

3 q
∗ 0 0 ]T , where

x∗

1 =
m3(m2+n2)

αγ1n2
,

x∗

3 =
1
α

[
r
(
1 −

m3(m2+n2)
αγ1n2K

)
− m1 − n1

]
,

x∗

2 =
m3

γ1n2
x∗

3 ,

x∗

4 =
m6(m5+n4)

βγ2n4
, x∗

5 =
m3m1(m2+n2)
αγ1n2(m5+n4)

−
m6(m4+n3)

βγ2n4
,

x∗

6 =
γ2n4
m6

x∗

5 , and q∗
=

n1
m4+n3

x∗

1 .
(v) E5 = [x∗

1 x
∗

2 x
∗

3 x
∗

4 x
∗

5 x
∗

6 ]
T .

However, the desired equilibrium point, Es = [x1s x2s x3s
x4s x5s x6s]T , with specified pest population densities below
their economic damage thresholds (EDT) is considered in
this study. It is adopted as the target or desired level of
each state variable. This desired equilibrium point with the
corresponding control inputs u1s and u2s can be determined
from (7) as presented in [20].

C. LINEAR PARAMETER-VARYING (LPV) MODEL OF
AGROECOSYSTEM
For ease of controller design using the tensor product model
transformation (TPMT), it is necessary to construct the linear
parameter-varying (LPV) system corresponding to the agroe-
cosystem described in (7). To this end, the model in (7) is first
reformulated in a state-space representation, where the state
variables represent deviations from their respective desired
equilibrium point, defined as yi = xi − xis for i = 1, 2, . . . , 6
[20]. Additionally, the deviations of the control inputs, u1 and
u2, from their corresponding desired equilibrium values, u1s
and u2s are defined. These deviations are denoted as ujs =

Uj − uj for j = 1, 2 [20]. Substituting x1 = y1 + x1s, x2 =

y2 + x2s, x3 = y3 + x3s, x4 = y4 + x4s, x5 = y5 + x5s,
x6 = y6 + x6s,U1 = u1 + u1s, and U2 = u2 + u2s, into the
model in (7), yields the following model [20]:

ẏ1
ẏ2
ẏ3
ẏ4
ẏ5
ẏ6

 =,


A11 A12 A13 A14 A15 A16
A21 A22 A23 A24 A25 A26
A31 A32 A33 A34 A35 A36
A41 A42 A43 A44 A45 A46
A51 A52 A53 A54 A55 A56
A61 A62 A63 A64 A65 A66




y1
y2
y3
y4
y5
y6


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+


0 0
0 0
1 0
0 0
0 0
0 1


[
u1
u2

]
(8)

where

A11 = r−
r(y1 + 2x1s)

K
− (m1+n1) − α(y3 + x3s), A12 = 0,

A13 = −αx1s, A14 = 0, A15 = 0, A16 = 0,

A21 = α(y3 + x3s), A22 = −(m2 + n2), A23 = αx1s,

A24 = 0, A25 = 0, A26 = 0A31 = 0, A32 = γ1n2,

A33 = −m3, A34 = 0, A35 = 0, A36=0, A41 = n1,

A42 = 0, A43 = 0, A44 = −(m4 + n3) − β(y6 + x6s),

A45 = 0,A46 =−βx4s, A51=0, A52=0, A53=0,

A54=β(y6 + x6s),A55 = −(m5 + n4), A56 = βx4s A61 = 0,

A62 = 0,A63 = 0, A64 = 0, A65 = γ2n4, andA66 = −m6.

The corresponding input–output relationship is expressed as
follows [20]:


z1
z2
z3
z4

 =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0



y1
y2
y3
y4
y5
y6

 . (9)

Subsequently, the linear parameter-varying (LPV) system
can be represented as follows [33], [34], [35], [37], [45], [49]:

ẏ = A(p(t))y + B(p(t))u

= S(p(t))
[
y
u

]
.

(10)

Here, the system matrix is denoted by S. The state and input
vectors are defined as y and u. The variable p(t) repre-
sents the time-varying parameter vector. For the considered
agroecosystem, the parameter vector is specified as p(t) =[
y1 y3 y6

]T , and it includes selected elements of the state
vector y. Furthermore, the components of this parameter
vector are bound within predefined limits. The parameter
vector was selected to construct the LPV model and derive
the TP model in (10), ensuring consistency with the LPV
representation used by Molter et al. [20] for the considered
agroecosystem.

D. TENSOR PRODUCT TRANSFORMATION MODEL OF
AGROECOSYSTEM
By applying the tensor product model transformation
(TPMT) to the LPV model in (8) or (10), the system can
be represented as a convex combination of R linear time-
invariant (LTI) system matrices [33], [34], [35], [37], [45],
[49]. Each r th LTI system matrix is defined as shown in (11):

Sr =
[
Ar Br

]
, for r = 1, 2, . . . ,R. (11)

The linear combination of the LTI subsystem matrices,
weighted by the corresponding weighting functions ωr ,
is expressed as shown in (12):

S(p(t)) =

R∑
r=1

ωr (p(t))Sr , (12)

where
R∑
r=1

ωr (p(t)) = 1.

According to (10), equation (12) can be expressed in terms
of the state and input matrices of each LTI subsystem as
follows [33], [34], [35], [37], [45], [49]:

ẏ =

R∑
r=1

ωr (p(t)) [Ary + Bu] . (13)

III. TENSOR PRODUCT (TP)-BASED BIOLOGICAL PEST
CONTROL STRATEGY
In this section, the controller design procedure is presented.
First, the TP-based controller design is performed to obtain
the linear matrix inequality (LMI) controller, and the TP
model alongwith the corresponding state-feedback LMI gain,
as described in Subsection A. Next, Subsection B presents the
design of a TP-based fractional-order sliding mode controller
(TP-FOSMC), which ensures robustness and reduces chatter-
ing in the control inputs of the system.

A. TP CONTROLLER DESIGN
The control objective is to regulate the pest population density
to a desired level. Equivalently, yi → 0, ∀i = 1, 2, .., 6 for
t → ∞ [20].
According to the representation in (13), the LMI-based

controller can be synthesizedwithin the framework of parallel
distributed compensation (PDC) [33], [34], [35], [37], [45],
[49].

The synthesized controller is formulated as a state-
feedback control law, expressed as a linear combination of
gains Kr corresponding to each Sr subsystem, as shown in
(14):

u =

(
R∑
r=1

ωr (p(t))Kr

)
y. (14)

Each matrix gain Kr is determined by solving the follow-
ing LMI inequalities [37], [38]:

−YAT
r − ArY + MT

r B
T
r + BrMr > 0 (15)

and

− YAT
r − ArY − YAT

s − AsY + MT
s B

T
r

+ BrMs + BTr M
T
s + BsMr > 0 (16)

for all r < s < R. Based on (13), it is noted that Br = B for
all r .

Once Y is obtained from the LMI inequalities above, the
corresponding state-feedback gain Kr is obtained as [33],
[37], and [49]:

Kr = MrY−1. (17)
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The state-feedback gain KTP can be expressed as a linear
combination of the feedback gains Kr , weighted by the cor-
responding weighting functions ωr associated with the r th

subsystem, as follows [33], [37], [49]:

KTP =

R∑
r=1

ωr (p(t))Kr . (18)

The readers can find further details of the tensor product
model transformation from [33], [34], [35], [37], and [49].

B. TP BASED-FRACTIONAL ORDER SLIDING MODE
CONTROL (TP-FOSMC)
To enhance the robustness of the control system, the
fractional-order sliding mode control (FOSMC) is integrated
with the controller in (14), resulting in the FOSMC-based TP
controller as follows. Following [31], [49], [74], [75], [76],
the sliding surface based on the TPMT model can be defined
as:

σ = Ly(t) − Ly(0)

− L
∫ t

0

[(
R∑
r=1

ωr (Ar − BKTP)

)
y(τ )

]
dτ, (19)

where the matrix L = (BTB)−1BT and the condition LB =

I is satisfied [70], [76]. The fractional-order reaching law,
as presented in [70], is employed in the controller design
procedure:

D
(1+βfo)

σ = −Ksw

(
∥σ∥

1/βfo sign(σ )
)

− D
βfo
Kpσ . (20)

Applying the fractional order integral, D
−βfo , both sides

of (20) yields

D
(1)

σ = −KswD
−βfo

(
∥σ∥

1/βfo sign(σ )
)
−D

−βfo
(
D

βfo
Kpσ

)
.

(21)

Equation (21) can be expressed as

σ̇ = −KswD−βfo
(
∥σ∥

1/βfo sign(σ )
)

− Kpσ . (22)

The TP-FOSMC biological control policy is derived from
the fractional-order reaching law in (22) as follows: Letting
2 =

[
−KswD−βfo

(
∥σ∥

1/βfo sign(σ )
)
− Kpσ

]
and substi-

tuting (19) into (22), the following expression is obtained
as (23):

Lẏ(t) − L

(
R∑
r=1

ωr (Ary(t) − BKTPy(t))

)
= 2. (23)

Based on (8) and (14), equation (23) can be rewritten as:

L

[
R∑
r=1

ωr (Ary(t) + Bu)

]

− L

(
R∑
r=1

ωr (Ary(t) − BKTPy(t))

)
= 2. (24)

Equation (24) can be determined as

L

(
R∑
r=1

ωrAry(t)

)
− L

(
R∑
r=1

ωrAry(t)

)
+ L

(
R∑
r=1

ωrBu

)

+ L

(
R∑
r=1

ωrBrKTPy(t)

)
= 2. (25)

Solving for u from (25) yields the following expression:

u = (LB)−1
[
2 −

(
L

R∑
r=1

ωrAry(t) − L
R∑
r=1

ωrAry(t)

+ LBKTPy(t)
)]

. (26)

Then,

u = (LB)−1 [2 − LBKTPy(t)] . (27)

Finally,

u = ueq + usw, (28)

where

ueq = (LB)−1 (−LBKTPy(t)) (29)

and

usw = (LB)−1 2. (30)

where 2 =
[
−KswD−βfo

(
∥σ∥

1/βfo sign(σ )
)
− Kpσ

]
The stability of the controlled agroecosystem under the

proposed control law in (28) is demonstrated in Appendix A.
The stability proof confirms that the proposed controller can
stabilize the agroecosystem described in (8). Consequently,
the egg and larval pest populations can be regulated to their
desired levels.

IV. NUMERICAL SIMULATIONS
A. SIMULATION SETUP
Simulations of the controlled agroecosystem were per-
formed to demonstrate the capabilities and performance
of the proposed TP-based FOSMC biological control. The
dynamic pest–parasitoid interaction model proposed by
Molter et al. [20] was employed as the simulation example in
this study. The system parameters used for the simulations are
summarized as follows [20]: r0 = 0.19, r1 = 0.85, n1 = 1/8,
n2 = 1/9, n3 = 1/50, n4 = 1/16, m1 = 0, m2 = 0.03566,
m3 = 1/4, m4 = m5 = 0.00257, m6 = 1/5, K = 25, 000,
α = 0.00001, β = 0.0000001, γ1 = 1, and γ2 = 40. These
parameters are expressed in appropriate units consistent with
the dynamicmodels presented in (2) and (7). The desired state
variables, denoted as xis for i = 1, 2, . . . , 6, are specified
according to the desired equilibrium point, Es, represented
as xs = [400 169 6196 2000 75 24300]T [20]. The tar-
get or desired equilibrium considered in this study follows
the desired equilibrium specified in the original work by
Molter et al. [20], where the desired level of each state vari-
ables is defined according to the economic damage threshold
(EDT).
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FIGURE 1. State trajectories of the pest–parasitoid agroecosystem under the SDRE, TP-SMC, and proposed
TP-FOSMC control strategies, showing the regulation of pest and parasitoid populations toward their desired
equilibrium levels.

The range of the parameter vector p(t) ∈ [−36 951 ] ×

[−9144 3510 ] × [−36000 834 ] is defined based on
the maximum and minimum values of the corresponding
state variables of the ecosystem under the SDRE controller
reported in Molter et al. [20], with the specified grid size

of
[
104 104 104

]T . Applying the TPMT in the TP tool
program [35] to the dynamic model with the specified system
parameters yields that eight LTI subsystems are required
to represent the LPV model (10). Also, the correspond-
ing weighting functions are obtained from the TP tool
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FIGURE 1. (Continued.) State trajectories of the pest–parasitoid agroecosystem under the SDRE, TP-SMC, and
proposed TP-FOSMC control strategies, showing the regulation of pest and parasitoid populations toward their
desired equilibrium levels.

program [35] as follows:

ω11 = −0.001013y1 + 0.9635,

ω12 = 7.903 × 10−5y3 + 0.7226,

ω13 = −2.715 × 10−5y6 + 0.02264,

ω21 = 0.001013y1 + 0.03647,

ω22 = −7.903 × 10−5y3 + 0.2774,

ω23 = 2.715 × 10−5y6 + 0.9774, (31)

and the set of gain matrices K1, K2, . . . , K8, used in this
study is presented in Appendix B. The controller parameters
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FIGURE 1. (Continued.) State trajectories of the pest–parasitoid agroecosystem under the SDRE, TP-SMC, and
proposed TP-FOSMC control strategies, showing the regulation of pest and parasitoid populations toward their
desired equilibrium levels.

corresponding to the reaching law are denoted and deter-
mined as ksw1 = ksw2 = 400, and Kp1 = Kp2 = 10.

The fractional order parameter used in the proposed FOSMC
design is set to βfo = 0.5. These controller parameters were
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FIGURE 2. Control input responses of the pest–parasitoid agroecosystem under external disturbances
(20–170 days) for different biological control strategies.

selected manually to ensure that the agroecosystem control
system achieved robustness while maintaining positive con-
trol inputs.

To assess the performance and robustness of the proposed
biological control policy, the jth element of the external

disturbance vector d(t) are selected as follows:

dj(t) =

{
Ad,j sin(ωd,jt), ti,j ≤ t ≤ tf ,j
0, Otherwise

for j = 1, 2, (32)
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FIGURE 2. (Continued.) Control input responses of the pest–parasitoid agroecosystem under external
disturbances (20–170 days) for different biological control strategies.

where Ad,1 = Ad,2 = 375, and ωd,1 = ωd,2 = 100π rad/day.
The initial and final times of the disturbances were set to
ti,1 = ti,2 = 20 days and tf ,1 = tf ,2 = 170 days, respectively.

MATLAB/Simulink was used to simulate the proposed
biological control system over a period of 400 days [80].
The Runge–Kutta method was employed for numerical
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FIGURE 2. (Continued.) Control input responses of the pest–parasitoid agroecosystem under external disturbances
(20–170 days) for different biological control strategies.

integration with a time step of 1t = 0.0001 day. The
implementation of the fractional-order calculus in the simu-
lation was carried out using the Oustaloup filter, as described
in [71], [72], [75], [77], [78], [79], and [80]. This tech-
nique enables the fractional operators to be represented as
integer-order transfer functions, making the controller imple-
mentable in real-time systems. The FOTF toolbox was used
to implement the fractional-order operator in the simula-
tion [72], [79], [80]. According to [20], the initial conditions
corresponding to the state variable vector y were determined
from yi(0) = xi(0) − xis for i = 1, 2, . . . , 6 where x(0) =

[1000 100 100 1000 100 300]T .

B. SIMULATION RESULTS AND DISCUSSION
The performance of the proposed TP-based fractional-order
sliding mode control (TP-FOSMC) was evaluated through
simulations under external disturbances. The results were

compared with those obtained using the TP-SMC and SDRE
control approaches. To ensure a fair comparison, the SDRE
control policy was designed using the same LPV for-
mulation as that used in [20] for the proposed FOSMC
approach.

Figure 1 illustrates the state trajectories of the controlled
agroecosystem under the proposed TP-FOSMC, in compar-
ison with those obtained using the TP-based integer-order
sliding mode control (TP-SMC) and the SDRE control strate-
gies. The results demonstrate that all three control policies
successfully regulate the egg and larval populations of the
sugarcane borer to their desired levels, while the parasitoid
populations at each stage also converge to the correspond-
ing target values. Among the compared approaches, both
TP-FOSMC and TP-SMC exhibit nearly identical conver-
gence rates, which are significantly faster than those achieved
under the SDRE control policy.
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TABLE 1. Quantities of Egg (U1) and Larval (U2) parasitoids released per
Hectare during the 400 days.

Figure 2 presents the control inputs generated by the SDRE
(Fig. 2a), TP-SMC (Fig. 2b), and TP-FOSMC (Fig. 2c)
control policies. During the period of external disturbance
(from 20 to 170 days), the SDRE control policy exhibits
a large chattering amplitude in the control inputs, approx-
imately 750 in U1 and 750 in U2. Similarly, the TP-SMC
control policy produces high chattering amplitudes of compa-
rable magnitudes, around 800 in both U1 and U2. In contrast,
the proposed TP-FOSMC achieves a remarkable reduction
in chattering, with amplitudes reduced to approximately
125 in U1 and 275 in U2. The significantly reduced chat-
tering amplitude of the TP-FOSMC, in comparison with the
SDRE and TP-SMC control policies, is clearly demonstrated
in Figure 2d. Furthermore, after the external disturbances
subside, the control inputs under all three control policies
become free from chattering, which is particularly impor-
tant for practical implementation, including the measurement
of pest populations and the execution of parasitoid release
mechanisms.

Table 1 presents the quantities of egg (U1) and larval (U2)
parasitoid populations released per hectare over 400 days,
which were obtained by integrating the control input signals
over time. For U1, the TP-SMC control policy required the
highest total number of released egg parasitoids among all
control strategies, whereas the proposed TP-FOSMC and
SDRE policies required significantly lower and comparable
amounts of egg parasitoids. In the case of U2, the SDRE
control policy demanded the largest total number of released
larval parasitoids, while both the TP-FOSMC and TP-SMC
policies achieved similar results with notably lower quanti-
ties. These outcomes highlight the practical advantages of the
proposed TP-FOSMC approach not only in reducing control
input amplitudes but also in minimizing the total number of
parasitoids that need to be released per area.

V. CONCLUSION
In this paper, a tensor product (TP)-based fractional-order
sliding mode control (TP-FOSMC) strategy was developed
for regulating the pest–parasitoid agroecosystem. The control
design was formulated based on the TP transformation of
the nonlinear agroecosystem model, enabling an effective
representation for control synthesis. Fractional-order calculus
was incorporated into the controller design to mitigate the
chattering phenomenon commonly observed in conventional

sliding mode control. The Lyapunov stability theorem was
employed to verify the stability of the agroecosystem under
the proposed biological control policy. Simulation results
demonstrated that the proposed TP-FOSMC successfully
stabilized the pest–parasitoid agroecosystem under bounded
external disturbances, maintaining the egg and larval pest
populations at the desired levels consistent with the economic
injury threshold. Compared with the SDRE and TP-SMC
approaches, the proposed TP-FOSMC achieved a faster con-
vergence rate and significantly reduced chattering amplitude
in the control inputs. Moreover, it required a lower total
amount of parasitoid release, enhancing its practicality for
field implementation. Overall, the results confirm that the
proposed TP-FOSMC approach provides both robustness and
chattering reduction capabilities, offering an effective and
practically feasible solution for biological pest management
in agroecosystems.
Several directions for future work may further enhance the

practical applicability of the proposed control policy. First,
the robustness of the control strategy should be investigated
under mismatched external disturbances. Second, systematic
parameter tuning methods, such as metaheuristic algorithms,
may be employed to determine an optimal set of controller
parameters that satisfies specific design objectives.

APPENDIX

A. PROOF OF STABILITY
The stability analysis of the controlled agroecosystem under
the synthesized control input in (28) with (29) and (30) is
conducted as follows. First, a Lyapunov function candidate
is defined as

V =
1
2
(σ Tσ ). (A1)

The time derivative of the Lyapunov function V is calcu-
lated as

V̇ = σ T σ̇ . (A2)

If a bounded vector of matched disturbances, d(t), acts on
the agroecosystem, then

V̇ = σ T

[
L

(
R∑
r=1

ωrAry(t) + Bu(t) + Bd(t)

)

−L

(
R∑
r=1

ωrAry(t) − BKTPy(t)

)]
. (A3)

By substituting the control input in (28) with (29) and (30)
into (A3), we obtain (A4), as shown at the bottom of the next
page.
According to [31], [74], and [76], since LB = I, then

V̇ = σ T
[
−KswD−βfo

(
∥σ∥

1/βfo sign(σ )
)

− Kpσ + d(t)
]
.

(A5)
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According to the considered control ecosystem σ =[
σ1
σ2

]
,Ksw =

[
ksw1 0
0 ksw2

]
,Kp =

[
kp1 0
0 kp2

]
, |d1(t)| <

Md1 and |d2(t)| < Md2, the inequality (A5) can be expressed
as

V̇ ≤
[
σ1 σ2

]([−Ksw1 0
0 −Ksw2

][
D−βfo

(
|σ1|

1/βfo sign(σ1)
)

D−βfo
(
|σ2|

1/βfo sign(σ2)
)]

+

[
−Kp1 0
0 −Kp2

] [
σ1
σ2

]
+

[
Md1
Md2

])
. (A6)

Then,

V̇ ≤ σ1

(
−ksw1D−βfo

(
|σ1|

1/βfo sign(σ1)
)

− kp1σ1 +Md1

)
+ σ2

(
−ksw2D−βfo

(
|σ2|

1/βfo sign(σ2)
)

− kp2σ2 +Md2

)
.

(A7)

According to [70], for the system with nonzero initial con-
ditions, there exist positive constants M1 and M2 such that
|σ1| ≤ M1 and |σ2| ≤ M2. Therefore, based onAssumption 1,
we have:∣∣∣D−βfo

(
(M1)1/βfosign(σ1)

)∣∣∣ ≤
(M1)1/βfo tβfo

βfo0(βfo)
(A8)

and ∣∣∣D−βfo
(
(M2)1/βfosign(σ2)

)∣∣∣ ≤
(M2)1/βfo tβfo

βfo0(βfo)
. (A9)

Based on (A8) and (A9), the inequality (A7) can be deter-
mined as

V̇ ≤ σ1

(
−ksw1

(
(M1)1/βfo tβfo

βfo0(βfo)

)
− kp1σ1 +Md1

)
+ σ2

(
−ksw2

(
(M2)1/βfo tβfo

βfo0(βfo)

)
− kp2σ2 +Md2

)
. (A10)

Then,

V̇ ≤ σ1

([
−ksw1

(
(M1)1/βfo tβfo

βfo0(βfo)

)
+Md1

]
− kp1σ1

)

+ σ2

([
−ksw2

(
(M2)1/βfo tβfo

βfo0(βfo)

)
+Md2

]
− kp2σ2

)
.

(A11)

Let M̄d = max{Md1,Md2}, M̄ = min{M1,M2} and k̄sw =

min{ksw1, ksw2}, we obtain

V̇ ≤ σ1

([
−k̄sw

(
M

1/βfo
1 tβfo

βfo0(βfo)

)
+ M̄d

]
− kp1σ1

)

+ σ2

([
−k̄sw

(
M

1/βfo
2 tβfo

βfo0(βfo)

)
+ M̄d

]
− kp2σ2

)

≤ σ1

([
−k̄sw

(
M̄1/βfo tβfo

βfo0(βfo)

)
+ M̄d

]
− kp1σ1

)
+ σ2

([
−k̄sw

(
M̄1/βfo tβfo

βfo0(βfo)

)
+ M̄d

]
− kp2σ2

)
.

(A12)

Considering (A12), the following term −k̄sw
(
M̄1/βfo tβfo
βfo0(βfo)

)
+

M̄d vanishes at t = ts, as shown in (A13) [70]:

ts =

(
M̄d

M̄1/βfo k̄sw

(
βfo0(βfo)

)) 1
βfo

. (A13)

According to (A13), the time derivative of the considered
Lyapunov function is obtained as

V̇ = −kp1σ 2
1 − kp2σ 2

2 ≤ 0. (A14)

Thus, the TP-based fractional-order sliding mode controller
(TP-FOSMC) is capable of stabilizing the controlled agroe-
cosystem under bounded external disturbances. Physically,
this implies that the borer populations at each developmental
stage can be effectively regulated to their specified levels.

B. LMI GAIN MATRICES
Based on the parameter vector p(t) ∈ [−36 951 ] ×

[−9144 3510 ]× [−36000 834 ] with the specified grid size[
104 104 104

]T , the set of gain matrices was obtained using

V̇ = σ T

L
(

R∑
r=1

ωrAry(t) + B
{
(LB)−1 [2 − LBKTPy(t)]

}
+ Bd(t)

)
−L

(
R∑
r=1

ωrAry(t) − BKTPy(t)
)



= σ T


(
L

R∑
r=1

ωrAry(t) + LB
{
(LB)−1 [2 − LBKTPy(t)]

}
+ LBd(t)

)
−L

(
R∑
r=1

ωrAry(t) − BKTPy(t)
)



= σ T


(
L

R∑
r=1

ωrAry(t) + 2 − LBKTPy(t) + LBd(t)
)

−L
R∑
r=1

ωrAry(t) + LBKTPy(t)


= σ T

[
−KswD−βfo

(
∥σ∥

1/βfo sign(σ )
)

− Kpσ + LBd(t)
]
. (A4)
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K1 =

[
−135.324381028017 0.278307521085486 4.46599909953615 . . .

−0.423649957945961 0.000314581406346868 0.0151346160073605 . . .

. . . −0.499741098712337 −0.000655169385492011 −0.0173189857309017

. . . −0.00278093660681631 2.50043329731226 0.0812634357785228

]
,

K2 =

[
−141.668684639656 0.282974134279363 4.68677409864767 . . .

0.312327441986725 −0.000210313534117382 −0.0113497563055757 . . .

. . . −0.524012162710177 −0.000619565279730099 0.0168467110232549

. . . 0.000125178752899393 2.50043223726336 0.0812660964640624

]
,

K3 =

[
−28.2209336155261 0.107516289142105 0.738862155926289 . . .

−0.186329938246753 0.000123006370304250 0.00662509619173251 . . .

. . . −0.0919409865940747 −0.000592938320501443 −0.00823465898330379

. . . −0.00184296017643332 2.50043293471887 0.0812638834187684

]
,

K4 =

[
−34.5651610802693 0.112183031201794 0.959638575742544 . . .

0.154369977501403 −0.000119960878146498 −0.00563604700599447 . . .

. . . −0.116146467454946 −0.000578124332706352 0.00764148065809774

. . . −0.000497542026188703 2.50043244243859 0.0812651233994297

]
,

K5 =

[
−135.324459267001 0.278307392651125 4.46599773894148 . . .

−0.0111531659104556 2.03724230167006 × 10−5 0.000291791273001930 . . .

. . . −0.499816433274487 0.000356663664086239 0.00177177729806325

. . . −0.00115245772243518 2.50046231513755 0.0812650519678717

]
,

K6 =

[
−141.668655881954 0.282974186918889 4.68677473433529 . . .

0.169405912654216 −0.000108375983191661 −0.00620702062809974 . . .

. . . −0.523995344095591 0.000363054842610050 0.0102381728762812

. . . −0.000439333005830336 2.50046205288027 0.0812657163709188

]
,

K7 =

[
−28.2208870382957 0.107516371938172 0.738863124080073 . . .

−0.421752364880219 0.000290919256423675 0.0150962821561814 . . .

. . . −0.0919088205356169 0.000384816600331261 −0.0191232295254133

. . . −0.00277269863809104 2.50046288320222 0.0812631708592317

]
,

K8 =

[
−34.5650359679245 0.112183246905328 0.959641009159325 . . .

−0.488727167187716 0.000338721902429440 0.0175044564667528 . . .

. . . −0.116046661351391 0.000378188421919919 −0.0221102691303580

. . . −0.00303692642089128 2.50046297649767 0.0812629455769161

]
. (B1)

the TP tool program [35]. In the TP-tool program, the LMI
Toolbox was employed to solve the inequalities (15) and (16)
[35], [80], [81]. This was performed using the feasp function
by specifying the target value of −1 and the feasibility radius
of 109, resulting in a feasible solution. Consequently, the
corresponding set of gain matrices is obtained and presented
in (B1), as shown at the top of the page.
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