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Finite-Time Control of Nonlinear Systems Using
Constrained Reinforcement Learning

Kraisak Phothongkum and Suwat Kuntanapreeda

Abstract—This paper presents a constrained reinforcement
learning (RL) framework for training a controller for nonlinear
systems with guaranteed finite-time stability. The scheme is based
on the deep deterministic policy gradient (DDPG) algorithm, inte-
grated with a constrained optimization technique. The controller
architecture is formulated as a convex combination of multiple
neural networks (NNs), each utilizing fractional power functions
as activation functions to facilitate the derivation of a finite-time
stability condition. This condition is rigorously derived based on
Lyapunov stability theory and imposed as a constraint during
training to ensure the finite-time stability of the control system
while simultaneously optimizing a cumulative reward function.
Simulation results are presented to demonstrate the effectiveness
of the proposed framework.

Note to Practitioners—This paper is motivated by the numer-
ous practical successes of NN controllers, particularly those
developed using RL algorithms. Despite their success, the
theoretical closed-loop stability of control systems using such con-
trollers remains insufficiently explored, raising concerns among
practitioners—especially in high-risk, safety-critical, and high-
cost applications. Furthermore, finite-time stability has become
increasingly attractive compared to asymptotic counterpart due
to its faster convergence, improved robustness, and superior
performance. To address these concerns, we present a constrained
DDPG-based RL framework for training NN controllers with
guaranteed finite-time stability of the control systems. To achieve
this, we first formulate the controller as a convex combination
of multiple NNs, each employing fractional power functions
as activation functions. We then derive a finite-time stability
condition for the controller using Lyapunov stability theory
and incorporate it as a constraint during training to guarantee
the stability. Simulation results on multiple nonlinear systems
demonstrate that the controllers trained with the derived finite-
time stability constraint exhibit faster convergence compared to
those trained with an existing asymptotic stability constraint.
Last but not least, it is important to note that the current
framework does not take consideration of system constraints,
such as actuator saturation, which may pose practical limita-
tions. Addressing this issue is one of the directions for our
future work.
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I. INTRODUCTION

OVER the past several decades, neural networks (NNs)
have been adopted as controllers for challenging nonlin-

ear systems, ranging from standard benchmark problems such
as the inverted pendulum [1] to highly complex applications
such as aerospace vehicles [2], [3]. Reinforcement learning
(RL) is an effective methods for training NN controllers
(NNCs), and it has gained widespread attention as a result
of advancements made possible by using deep NNs for
function approximation. Moreover, it is regarded as a highly
efficient approach for determining optimal controllers through
learning processes. In recent years, numerous powerful RL
algorithms have been proposed, including the deep deter-
ministic policy gradient (DDPG) algorithm [4]. DDPG has
proven effective in various control-related applications [5],
[6], [7]. It is well-suited for high-dimensional, continuous
action spaces.

The major challenge in NN-based control is to provide
theoretical closed-loop stability. There are several existing
approaches for addressing this challenge. One of them is
to make use of the superior approximation capacity of NNs
(particularly the radial basis function NNs) to approximate
the nonlinear dynamics of the controlled system. Then, apply
a stability theory, such as the Lyapunov theory, to derive a
stable adaptive control law by considering the NNs as adaptive
elements [8], [9], [10], [11].

Another effective approach employs an additional NN in
leaning process to contribute to the stability guarantee [12],
[13], [14]. The method in [12] employed two critic NNs
instead of one. The first one is a standard critic network
that assesses the action, while the second one is a Lyapunov
critic network that evaluates the stability of the control system.
In [13], the learning algorithm employs multiple NNs to
simultaneously learn not only the system dynamics and a
control policy but also a corresponding Lyapunov function
to guarantee the stability. The method in [14] employed a
Lyapunov NN to estimate the region of attraction, which
is then incorporated into policy learning as an additional
component in the reward function.

A further approach integrates stability conditions directly
into the policy learning process [15], [16], [17]. In [15],
a Lyapunov-based stability criterion is formulated using a
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learned approximation model based on random Fourier fea-
tures, which is then applied as a constraint in policy learning.
Similarly, in [16], a tensor product (TP) model-based con-
vex embedding technique is employed to derive a stability
condition, which is enforced as a constraint during pol-
icy learning. In [17], a specific Lyapunov-based stability
condition is derived for frequency control in power sys-
tems. This condition is subsequently used to constrain the
search space during the learning process. While all the works
guarantee stability (at best asymptotic), they do not achieve
finite-time stability.

Fast convergence is required in many time-critical control
problems [18], [19]. A number of approaches have been
developed to achieve this objective; among them, finite-time
control—characterized by finite-time stability—has gained
popularity due to its better accuracy, improved robustness,
and superior performance [20], [21]. Its effectiveness has
been demonstrated in various challenging applications [22],
[23], [24], [25], [26], [27]. Unlike asymptotic convergences,
it guarantees convergence within finite time. Fast finite-time
stability, a type of finite-time stability, has recently attracted
many attentions since it yields a faster rate of convergence
[28]. Its effectiveness has been demonstrated in numerous
studies [29], [30], [31].

Representing a nonlinear system as a convex combination
of simpler subsystems, such as linear ones, is advanta-
geous because it enables more efficient controller design
using well-established methods. The TP model transforma-
tion introduced in [32] is an effective numerical technique
for embedding a nonlinear system, represented as a linear
parameter-varying (LPV) model, into a convex combination
of linear systems. By utilizing the parallel distributed com-
pensation (PDC) approach, the controller can be designed
systematically.

Motivated by the success of NN controllers, the efficiency
of RL, the effectiveness of TP-based design, and the attractive-
ness of finite-time stability, this paper presents a constrained
RL framework for training NN controllers for nonlinear sys-
tems with guaranteed fast finite-time stability. Leveraging the
approach introduced in [16], this work extends it to achieve
the finite-time stability. The controller is constructed as a
TP-based convex combination of multiple NNs, each with
fractional power functions as activation functions. A fast
finite-time stability condition is derived and incorporated as
a constraint in the learning process to guarantee the sta-
bility. Different from [16], the constraint handling here is
based on the constrained policy learning approach from [33],
which is more straightforward to implement using a constraint
optimization technique.

The remaining parts of this paper are as follows.
Section II provides the needed preliminaries. In
Section III, the main theoretical results are presented.
Simulations are given in Section IV. Section V provides the
conclusions.

Notation: R is the set of real numbers; Rn and Rm×n denote
the n×1 real vector and the m×n real matrix, respectively; | · |
denotes the absolute value in R; ‖ · ‖ is a norm in Rn; λmin(·)
and λmax(·) denote the smallest and largest eigenvalue of a

matrix, respectively; σmin(·) and σmax(·) denote the smallest
and largest singular values of a matrix, respectively; In ∈ R

n×n

is the identity matrix; 0 ≺ P = PT ∈ Rn×n means that the
matrix P is symmetric positive definite.

II. PRELIMINARIES

A. Lemmas and Theorem

Lemma 1 ([34]): For any zi ∈ R, i = 1, 2, . . . , n, the
following inequality holds:"

nX
i=1

|zi|

#a

≤

nX
i=1

|zi|
a (1)

where 0 < a ≤ 1.
Lemma 2 ([35]): Let M ∈ Rn×n be a symmetric matrix.

For any vector x ∈ Rn, the following inequality holds:

λmin(M)‖x‖2 ≤ xTMx ≤ λmax(M)‖x‖2. (2)

Lemma 3 ([36]): Let M ∈ Rm×n be a matrix. For any
vector x ∈ Rn, the following inequality holds:

σmin(M)‖x‖ ≤ ‖Mx‖ ≤ σmax(M)‖x‖. (3)

Theorem 1 ([28]): Consider the system

ẋ = f (x) (4)

where x ∈ Rn, f : D ⊂ Rn → Rn is continuous with f (0) = 0.
The origin of the system (4) is fast finite-time stable for all
initial conditions x(0) ∈ D if there exists a positive definite,
continuously differentiable, radially unbounded function V :
D → R, known as a Lyapunov function, satisfying

V̇(x) + c1V(x) + c2Vν(x) ≤ 0 (5)

where c1 > 0, c2 > 0, and 0 < ν < 1. Furthermore, the settling-
time function Ts can be determined as

Ts(x0) ≤
1

c1(1 − ν)
ln

c1V1−ν(x0) + c2

c2
. (6)

B. Convex Embedding and TP Model Transformation

Consider the nonlinear dynamic system represented as the
following linear parameter varying (LPV) model:

ẋ = A(p(t))x + B(p(t))u (7)

where x ∈ Rn and u ∈ Rm are the state and control input
vectors, respectively. The parameter p(t) ∈ Rp denotes a time-
varying bounded parameter vector, A : Rp → Rn×n is the
system matrix, and B : Rp → Rn×m is the input matrix.

A nonlinear system can be embedded into a convex com-
bination of linear systems through a number of techniques.
One such promising technique is TP model transformation
[32], a numerical method based on higher-order singular value
decomposition (HOSVD). It allows the LPV model (7) to
be represented as a convex combination of parameter-varying
weighted sums of the R constant linear systems, referred to as
a TP model, as follows:

ẋ =

RX
r=1

ωr(p(t)) (Ar x + Bru) (8)
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where Ar ∈ R
n×n and Br ∈ R

n×m are constant matrices
and ωr(p(t)) : Rp → R is a weighting function withPR

r=1 ωr(p(t)) = 1, where ωr(p(t)) ≥ 0. The matrices Ar and
Br and the weighting function ωr(p(t)) can be readily obtained
using TP tool [37].

The transformation begins by sampling the system matrices
[A(p(t) B(p(t))] in (7) over a hyper-rectangular grid of p(t)
and assembling them into a tensor. HOSVD is then applied
to the tensor. After decomposition, a finite set of R vertex
systems [Ar Br], r = 1, 2, ..,R, is obtained, along with the
corresponding weighting functions ωr(p(t)). This results in the
TP model in (8). Readers are referred to [32] for further details
on the TP model transformation.

C. DDPG Algorithm

DDPG is an RL algorithm based on the actor-critic frame-
work that combines the strengths of deep NNs with the
deterministic policy gradient method, enabling it to effectively
handle high-dimensional, continuous action spaces [4]. DDPG
also employs target actor and critic networks to enhance
training stability. The objective of the algorithm is to learn a
policy for the actor—acting as the controller—that maximizes
the cumulative reward defined by the reward function R.

The training process of DDPG begins with the initialization
of the actor and critic network parameters. Then, for each
training episode, the actor network, parameterized by θµ,
receives the current environment state xt and outputs the
control action ut under the policy µ (xt | θ

µ) as

ut = µ (xt | θ
µ) + ζ (9)

where ζ is a random noise introduced for exploring the actions.
Following the execution of the control action ut, the new state
xt+1 becomes available, and the reward rt is computed using
the reward function R. The state transition (xt, ut, rt, xt+1)
is then stored for later use in the replay buffer M. After that,
the parameter θQ of the critic network is updated through the
minimization of the loss function

L =
1
N

NX
i

�
yi − Q

�
xi, ui|θ

Q��2 (10)

where Q
�
xi, ui|θ

Q
�

and yi represent the Q-value and target
Q-value, respectively, and N is the size of a mini-batch that
contains state transitions randomly sampled from M. The
target Q-value yi is computed using the target networks as
follows:

yi = ri + γQ′(xi+1, µ
′(xi+1 | θ

µ′ ) | θQ′ ) (11)

where ri is the reward calculated from the reward function
R, γ ∈ (0, 1] is the discount factor, and Q′ and µ′ represent
the target critic and actor networks, respectively. Then, the
parameter θµ of the actor network is updated through the
maximization of the performance index, which is defined using
Q(x, u|θQ). Subsequently, the parameters of the target networks
are updated as

θQ′ = τθQ + (1 − τ)θQ′ and θµ
′

= τθµ + (1 − τ)θµ
′

(12)

where τ ∈ (0, 1). This completes one training episode. See [4]
for further information on the DDPG algorithm.

Fig. 1. TP-based NNC.

III. MAIN RESULTS

This section presents a constrained RL framework that
guarantees finite-time stability of the control system. The
system to be controlled is first transformed into a TP model.
Based on this representation, the controller, hereafter referred
to as TP-NNC, is formulated as a weighted sum of sub–NNs. A
finite-time stability condition is then derived and incorporated
as a constraint in the learning process, ensuring that the
TP-NNC weights always satisfy the stability condition and,
consequently, that closed-loop stability is guaranteed. The RL
algorithm employed here is DDPG, and constraint handling
is implemented using the constrained policy learning scheme
proposed in [33].

Consider the system represented as the LPV model:

ẋ = A(p(t))x + Bu, (13)

and assume it can be embedded into the following TP-based
convex combination:

ẋ =

RX
r=1

ωr(p(t)) (Ar x + Bu) . (14)

In practice, the embedding can be performed using TP Tool
[37]. Let the TP-NNC be formulated as a weighted sum of
sub-NN Nr(x) as follows:

u =

RX
r=1

ωr(p(t))Nr(x) (15)

where ωr(p(t)) is identical with that in (14) and Nr(x) is
structured as a feedforward NN comprising one hidden layer,
as shown in Fig. 1. The output layer uses a linear activation
function with ωr as its weights. The hidden layer employs the
following fractional power function as its activation function:

f (z) = dzeϕ + z (16)

where dzeϕ = |z|ϕsign(z) and 0 < ϕ < 1. The hidden layer
of each sub-NN contains p nonlinear neurons, with W1,r ∈
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Rp×n and W2,r ∈ R
m×p representing the input-to-hidden and

hidden-to-output weights, respectively. Hence,

Nr(x) = W2,rF(Hr) (17)

where

F(Hr) =

26664
f (hr,1)
f (hr,2)
...

f (hr,p)

37775 =

26664
dhr,1e

ϕ + hr,1
dhr,2e

ϕ + hr,2
...

dhr,pe
ϕ + hr,p

37775 = Hϕ
r + Hr,

Hr = W1,r x =

26664
hr,1
hr,2
...

hr,p

37775 and Hϕ
r =

26664
dhr,1e

ϕ

dhr,2e
ϕ

...
dhr,pe

ϕ

37775 .
Remark 1: The fractional power term of f (z) in (16) induces

a non-Lipschitz property, which is essential to our framework,
as Lipschitz continuous functions are incapable of driving the
system state to the equilibrium in finite time.

Proposition 1: The origin of the system (14) with the TP-
NNC (15) is fast finite-time stable if there exist 0 ≺ P = PT ∈

Rn×n, qr ∈ R
n×p, ρ ∈ R, and ηr ∈ R such that the following

stability condition holds:

C1,r = (Ar + BW2,rW1,r)T P

+ P(Ar + BW2,rW1,r) + qrqT
r + ρ2In = 0

C2,r = PBW2,r + η2
r WT

1,r = 0 (18)

where r = 1, 2, . . . ,R.

Proof: Suppose P, qr, ρ, and ηr satisfy the condition given
in (18). Let define a Lyapunov candidate function as

V = xT Px (19)

Thus,
V̇(x) = ẋT Px + xT Pẋ. (20)

By applying (15) and (17) to (14), the control system can be
written as

ẋ =

RX
r=1

ω2
r

h
Ar x+BW2,r(Hϕ

r +W1,r x)
i

+

RX
r=1

RX
s=r+1

ωrωs

h
Ar x+BW2,r(Hϕ

r +W1,r x)

+Asx+BW2,s(Hϕ
s +W1,sx)

i
. (21)

Next, substituting (21) into (20) yields

V̇(x) =

RX
r=1

ω2
r

h
xT
�

(Ar + BW2,rW1,r)T P

+ P(Ar + BW2,rW1,r)
�

x + 2xT PBW2,rHϕ
r

i
+

RX
r=1

RX
s=r+1

ωrωs

h
xT
�

(Ar + BW2,rW1,r)T P

+ P(Ar + BW2,rW1,r)
�

x + 2xT PBW2,rHϕ
r

+ xT
�

(As + BW2,sW1,s)T P

+ P(As + BW2,sW1,s)
�

x + 2xT PBW2,sHϕ
s

i
. (22)

Using (18) results in

V̇(x) = −

RX
r=1

ω2
r

h
xT (qrqT

r +ρ
2In)x+2η2

r xT WT
1,rHϕ

r

i
−

RX
r=1

RX
s=r+1

ωrωs

h
xT (qrqT

r +qsqT
s +2ρ2In)x

+ 2η2
r xT WT

1,rHϕ
r +2η2

s xT WT
1,sH

ϕ
s

i
= −

RX
r=1

ω2
r

h
xT (qrqT

r +ρ
2In)x+2η2

r HT
r Hϕ

r

i
−

RX
r=1

RX
s=r+1

ωrωs

h
xT (qrqT

r +qsqT
s +2ρ2In)x

+ 2η2
r HT

r Hϕ
r +2η2

s HT
s Hϕ

s

i
(23)

Following that, applying Lemmas 1 and 2 yields

V̇(x) ≤ −
RX

r=1

ω2
r

h
λmin

�
qrqT

r + ρ2In
�
‖x‖2 + 2η2

r ‖Hr‖
1+ϕ

i
−

RX
r=1

RX
s=r+1

ωrωs

h
λmin

�
qrqT

r + qsqT
s + 2ρ2In

�
‖x‖2

+ 2η2
r ‖Hr‖

1+ϕ + 2η2
s‖Hs‖

1+ϕ
i

≤ −

RX
r=1

ω2
r

h
φr‖x‖2 + 2η2

r ‖Hr‖
1+ϕ

i
−

RX
r=1

RX
s=r+1

ωrωs

h
φr,s‖x‖2

+ 2η2
r ‖Hr‖

1+ϕ + 2η2
s‖Hs‖

1+ϕ
i
, (24)

where HT
r,sH

ϕ
r,s ≤ ‖Hr,s‖

1+ϕ, φr = λmin
�
qrqT

r + ρ2In
�
> 0 and

φr,s = λmin
�
qrqT

r + qsqT
s + 2ρ2In

�
> 0. Then, by substituting

Hr = W1,r x and Hs = W1,sx into (24) and applying Lemma 3,
it results in

V̇(x) ≤ −
RX

r=1

ω2
r

h
φr‖x‖2 + 2ψr‖x‖1+ϕ

i
−

RX
r=1

RX
s=r+1

ωrωs

h
φr,s‖x‖2

+ 2 (ψr + ψs) ‖x‖1+ϕ
i
, (25)

where ψi = η2
i σmin(W1,i)1+ϕ > 0, i = {r, s}.

Using Lemma 2 gives V(x) ≤ λmax(P)‖x‖2 and then substi-
tuting this into (25) results in

V̇(x) ≤ −
RX

r=1

ω2
r

��
φr

λmax(P)

�
V(x)

+ 2
�

ψr

λmax(P)ν

�
V(x)ν

�
−

RX
r=1

RX
s=r+1

ωrωs

��
φr,s

λmax(P)

�
V(x)
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+ 2
�
ψr + ψs

λmax(P)ν

�
V(x)ν

�
≤ −c1V(x) − c2V(x)ν (26)

where

0<ν =
1 + ϕ

2
< 1,

c1 =
1

λmax(P)

"
RX

r=1

ω2
rφr +

RX
r=1

RX
s=r+1

ωrωsφr,s

#
> 0,

c2 =
2

λmax(P)ν

"
RX

r=1

ω2
rψr+

RX
r=1

RX
s=r+1

ωrωs (ψr+ψs)

#
> 0.

Therefore, from Theorem 1, the origin of the system (14) with
the TP-NNC (15) is fast finite-time stable. �

Algorithm 1 Training Algorithm
1: Initialize parameter θQ of the critic network
2: Initialize parameter θµD (comprises W1,r and W2,r) of the

actor network, matrices P and qr, and numbers ρ, and ηr

3: Solve (27) for θµ, P, qr, ρ, and ηr

4: Construct the target networks as
θQ′ ← θQ and θµ

′

← θµ

5: Initialize experience replay buffer M
6: for episode = 1, episode-max do
7: Receive initial observation state x1
8: for t = 1,T do
9: Form weights of the action network’s output layer

with ωr of the convex combination (14)
10: Apply action ut = u + ζ, where u is based on (15)
11: Observe the reward rt and new state xt+1
12: Store the state transition (xt, ut, rt, xt+1) in M
13: Sample a random mini-batch of N state transitions

from M
14: Update θQ and θµD using N sampled state transitions
15: Solve (27) for θµ, P, qr, ρ, and ηr

16: Update the target networks as
θQ′ ← τθQ + (1 − τ)θQ′

θµ
′

← τθµ + (1 − τ)θµ
′

17: end for
18: end for

According to Proposition 1, the TP-NNC guarantees fast
finite-time stability if its weights satisfy condition (18). How-
ever, when the weights are obtained using DDPG alone, there
is no assurance that this condition will be met. It should
be noted that Lyapunov stability provides only a sufficient
condition. Therefore, failing to satisfy condition (18) does not
imply that the control system is unstable; it only means that
a theoretical proof of stability cannot be provided. Thus, to
guarantee the fast finite-time stability, the condition (18) will
be used as the constraint imposed during the learning process
of the TP-NNC (15). Here, constraint handling is based on the
constrained policy learning scheme presented in [33]. At each
learning step, the actor network parameter, initially denoted as
θ
µ
D, is first determined using DDPG to maximize the reward

in the standard manner. Following that, it is projected into the
constraint set defined by the stability condition (18) to obtain

Fig. 2. Block diagram of the training algorithm.

the feasible parameter θµ, ensuring that the weights satisfy
condition (18). The projection is carried out by minimizing
‖θ
µ
D − θ

µ‖2 as follows:

minimize
θµ,P,qr ,ρ,ηr

‖θ
µ
D − θ

µ‖2

subject to C1,r(θµ, P, qr, ρ) = 0,
C2,r(θµ, P, ηr) = 0. (27)

where r = 1, 2, . . . ,R. Note that θµ comprises the weights W1,r
and W2,r. The training process is detailed in Algorithm 1,
and the corresponding structural block diagram is presented
in Fig. 2.

Remark 2: The projection in (27) can be carried out using
any constrained optimization algorithm, including heuristic
methods such as particle swarm optimization (PSO), genetic
algorithms (GA), and differential evolution (DE). In this
work, we employ the Sequential Least Squares Programming
(SLSQP) algorithm from the SciPy library [38].

Remark 3: To guarantee that the constraints in (27) admit
a feasible solution, each sub-network of the TP-NNC must
contain a sufficiently large number of neurons, as is generally
necessary for NNs to attain high approximation capacity.

Remark 4: In addition to the method in [16], which our work
extends, our approach also shares conceptual similarities with
the methods in [15] and [17]. However, our approach differs
both in the derivation of the stability conditions and in the
strategy used to enforce them. Regarding stability conditions,
the method in [15] obtains the stability condition via a random
Fourier feature approximation, whereas our method relies on
the TP model. In [17], the stability condition is derived for
a specific power system application, whereas our approach is
applicable to a broader class of systems.

Concerning the enforcement strategy, [15] enforces the sta-
bility condition as a constraint through a primal-dual method
and [17] uses it to constrain the search space during learning,
whereas our approach relies on a projection method as in (27).
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Fig. 3. Trajectories of the uncontrolled multi-cycle Van der Pol system states.

IV. SIMULATIONS

This section considers two examples from [16] to demon-
strate the performance of the proposed finite-time TP-NNC
(hereafter referred to as finite-time TP-NNC). For comparison,
asymptotic counterparts (hereafter referred to as asymptotic
TP-NNC) were also trained using the asymptotic stability
condition in [16], along with TP-NNCs having the same
configuration as the finite-time TP-NNCs but trained with-
out enforcing the stability condition (hereafter referred to
as unconstrained finite-time TP-NNC or unconstrained FT
TP-NNC). All training processes were performed using the
TensorFlow libraries [39].

To ensure fair comparisons, all TP-NNCs across all exam-
ples adopted the same configuration as in [16]. For the
finite-time TP-NNCs, ϕ = 1

3 was chosen. The critic networks
and training conditions were also identical to the ones in [16].

A. Example 1: Multi-Cycle Van Der Pol System

The system captures key characteristics of several complex
dynamical systems, such as mechanical structures and non-
linear circuits with multi-mode oscillatory behavior [40]. Its
mathematical model with input u can be expressed in the form
of the LPV system given in (13), as follows:

ẋ =

�
0 1
−1 f (p(t))

�
x +

�
0
1

�
u. (28)

where f (p(t)) = ε(1 − p(t)2 + αp(t)4 − βp(t)6), x = [x1 x2]T ,
p(t) = x1, ε = 0.1, α = 0.144, and β = 0.005. The domain of
interest is set to be D = {(x1, x2) | x1 ∈ [−6, 6], x2 ∈ [−6, 6]}.
Thus, p(t) ∈ [−6, 6]. An example of its free response (i.e., with
u = 0) is shown in Fig. 3, demonstrating the existence of a
limit cycle.

The TP model (14) of the system (28) is identical to that
in [16], where the details of how to obtain it can be found. It
comprises two vertex systems as follows:

A1 =

�
0 1
−1 −8.1656

�
,

A2 =

�
0 1
−1 0.153

�
, (29)

Fig. 4. Training reward of the finite-time TP-NNC (top) and unconstrained
finite-time TP-NNC (bottom) for the multi-cycle Van der Pol system.

with the weighting functions

ω1 =
�
0.06 x6

1 − 1.73 x4
1 + 12.02 x2

1 + 6.4
�
× 10−3,

ω2 =
�
−0.06 x6

1 + 1.73 x4
1 − 12.02 x2

1 + 993.6
�
× 10−3. (30)

The configurations of the TP-NNCs and critic networks are
summarized as follows. The TP-NNCs comprise two sub-NNs,
as shown in Fig. 1. Each sub-NN model takes x = [x1 x2]T

as input. The critic networks consist of two deep NNs that
independently receive x and u as inputs. The concatenation
of each output serves as the input to the next fully connected
deep NN to estimate the Q-value.

The reward functions for training both finite-time and
asymptotic TP-NNCs were

R = − (|x1|+ |x2|+ 0.001|u|) . (31)

The specific numerical values in the reward functions were
determined through an iterative tuning process to achieve the
desired closed-loop behavior while ensuring that the state
vector x remains within the domain of interest D. The total
of 300 episodes were used for training, each initialized with
a random x(0) drawn from the specified domain D. Every
episode was executed for 200 steps, and each step size was
fixed at 0.05 seconds. After fully training of 300 episodes, the
stable trend of the cumulative training reward was observed.

Fig. 4 compares the convergence of the cumulative reward
during training for the finite-time TP-NNC and its uncon-
strained counterpart. Both methods show similar convergence,
indicating that the proposed stability constraints do not
adversely affect performance; however, their computational
times differ. As in general, constrained optimization algorithms
have higher computational complexity than unconstrained
ones, and the same applies to our proposed method.
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Fig. 5. Trajectories of the controlled multi-cycle Van der Pol system states
and control input.

Fig. 6. Control performance comparison of the multi-cycle Van der Pol system
under perturbed condition.

The state trajectories of the control systems with x(0) =

[5 0], along with the corresponding control efforts, are
depicted in Fig. 5. The behaviors of x1 and x2 follow nearly the
same trajectories under both TP-NNCs, though the finite-time
TP-NNC demonstrates more aggressive initial control effort,
causing a slight overshoot in x2, yet achieving marginally
faster convergence. It is observed that all state trajectories
converge to zero within roughly 0.9 seconds, which is con-
sistent with the theoretical bound Ts ≤ 6.27 seconds obtained
from (6), although this estimate is highly conservative. This
conservatism results from the derivation of the bound via suc-
cessive upper bounding of the Lyapunov function derivative.

Fig. 7. Trajectories of the uncontrolled Newton-Leipnik system states.

Fig. 8. Training reward of the finite-time TP-NNC (top) and unconstrained
finite-time TP-NNC (bottom) for Newton-Leipnik system.

Thus, (6) represents a guaranteed upper bound rather than an
accurate prediction of the actual convergence time, which is
often substantially shorter in practice.

Furthermore, to investigate the sensitivity of the control
performance to uncertainties in the system parameters, Fig. 6
compares the performance of the finite-time TP-NNC under
perturbed conditions. Here, α and β are each assumed to be
perturbed by 10%, resulting in α = 0.1296 and β = 0.0055.
As shown in the figure, the state trajectories and control signal
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Fig. 9. Trajectories of the controlled Newton-Leipnik system states and
control inputs.

are nearly identical, indicating that the uncertainties have
minimal impact on the system’s behavior and demonstrating
the robustness of the proposed controller.

B. Example 2: Newton-Leipnik System

The system models the dynamics of a rigid body subject
to dissipation and nonlinear torques, resulting in chaotic
dynamics [41]. Its mathematical model with two inputs can
be expressed in the form of the LPV system given in (13), as
follows:

ẋ =

24 −a 1 + 10p2(t) 0
−1 + 5p2(t) −0.4 0
−5p1(t) 0 b

35 x +

240 0
1 0
0 1

35 u (32)

where x = [x1 x2 x3]T , u = [u1 u2]T , p(t) = [p1(t) p2(t)]T =

[x2 x3]T , a = 0.4 and b = 0.175. The domain of interest is
set to be D = {(x1, x2, x3) | x1 ∈ [−1, 1], x2 ∈ [−1, 1], x3 ∈

[−1, 1]}. Thus, p1(t) ∈ [−1, 1] and p2(t) ∈ [−1, 1]. An example
of its free response (i.e., with u = [0 0]T ) is shown in Fig. 7,
demonstrating the presence of chaotic oscillatory behavior.

The TP model (14) of the system (32) is identical to that
in [16], where the details of how to obtain it can be found. It

Fig. 10. Control performance comparison of the Newton-Leipnik system
under perturbed condition.

comprises four vertex systems as follows:

A1 =

24−0.4 −9.0 0
−6.0 −0.4 0

5.0 0 0.17

35 ,
A2 =

24−0.4 −9.0 0
−6.0 −0.4 0
−5.0 0 0.17

35 ,
A3 =

24−0.4 11.0 0
4.0 −0.4 0
5.0 0 0.17

35 ,
A4 =

24−0.4 11.0 0
4.0 −0.4 0
−5.0 0 0.17

35 , (33)

with the weighting functions

ω1 = (−0.5x2 + 0.5)(−0.5x3 + 0.5),
ω2 = (0.5x2 + 0.5)(−0.5x3 + 0.5),
ω3 = (−0.5x2 + 0.5)(0.5x3 + 0.5),
ω4 = (0.5x2 + 0.5)(0.5x3 + 0.5). (34)

The configurations of the TP-NNCs and critic networks are
summarized as follows. The TP-NNCs have four sub-NNs with
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input x = [x1 x2 x3]T . Similar to the previous example, the
critic networks comprise two deep NNs that independently
receive the state x and action u as inputs. Their outputs are
then merged and passed to the subsequent fully connected deep
NN to estimate the Q-value.

The reward functions for training both TP-NNCs were

R = − (|x1|+ |x2|+ |x3|+ 0.001|u1|+ 0.1|u2|) . (35)

As in Example 1, the specific numerical values in the reward
functions were determined through an iterative tuning process
to achieve the desired closed-loop behavior while ensuring that
the state vector x remains within the domain of interest D. The
total of 300 episodes were used for training, each initialized
with a random x(0) drawn from the specified domain D. Every
episode was executed for 2000 steps, and each step size was
fixed at 0.005 seconds. After fully training of 300 episodes, the
stable trend of the cumulative training reward was observed.
Fig. 8 shows similar convergence of the cumulative reward for
the finite-time TP-NNC and its unconstrained counterpart.

The state trajectories and corresponding control efforts of
the system controlled by the trained finite-time and asymptotic
TP-NNCs, with x(0) = [0.35 0.0 − 0.16]T , are illustrated in
Fig. 9. Despite the overshoot of x2 occurring at the start, the
finite-time TP-NNC yields significantly faster convergence to
zero in all states than the asymptotic one. All states converge
to zero within approximately 1.7 seconds, consistent with the
estimated settling time Ts ≤ 2.82 seconds obtained using (6).

Fig. 10 compares the performance of the finite-time TP-
NNC under perturbed conditions, where a and b are set to
a = 0.5 and b = 0.132, respectively. The state trajectories
and control signals remain nearly identical, demonstrating the
robustness of the proposed controller.

V. CONCLUSION

Reinforcement learning and NN control have demonstrated
significant potential, with finite-time convergence being partic-
ularly desirable for time-critical applications. In this work, we
have proposed a constrained reinforcement learning approach
to achieve fast finite-time stability in NN-controlled sys-
tems. A finite-time stability condition is derived using the
Lyapunov theory with the fractional power function as the
activation function of the TP-NNCs. The stability condition
is incorporated as a constraint within the learning process
to guarantee the stability. The effectiveness of the proposed
finite-time TP-NNCs is demonstrated through numerical sim-
ulations of the multi-cycle van der Pol and Newton-Leipnik
systems. In comparison to asymptotic TP-NNCs, it was found
that the finite-time TP-NNCs exhibited faster convergence
behavior. When compared to finite-time TP-NNCs trained
without the stability condition, both controllers showed similar
performance, indicating that imposing the stability condition
does not compromise control performance while providing
a theoretical guarantee of stability. Furthermore, to demon-
strate robustness against parameter uncertainties, the system
parameters were perturbed, yet the finite-time TP-NNCs main-
tained their performance. Future work may focus on a further
theoretical investigation of robustness and on extending the

proposed method to more challenging applications, particu-
larly systems subject to model uncertainty and disturbances,
such as space/aerospace systems [18], [42] and highly complex
systems like aerial–ground cooperative systems [43].
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